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A B S T R A C T   

We present a fast and accurate method for predicting the thermodynamics of hydrogen solubility and trapping in 
alloys, which is two orders of magnitude faster than conventional ab-initio approaches. The model hinges on the 
finding that the solubility of H is dominated by its nearest neighbour environment. We apply the method to the 
problem of hydrogen redistribution in Nb-containing Zr nuclear fuel cladding, and validated it against brute- 
force ab-initio approaches. We find that hydrogen preferentially dissolves into the β-Zr phase found in as- 
manufactured 2.5%Nb alloys, and H is likely to redistribute into the α phase following the irradiation-induced 
decomposition of β-Zr. β-Nb particles found in as-manufactured 1%Nb alloys may act as weak sinks for H, 
however irradiation-induced change of composition of β-Nb particles increases their hydrogen-trapping strength. 
Nano-platelets formed under irradiation in these alloys are potentially even stronger hydrogen sinks, especially if 
induced by proton irradiation rather than neutrons.   

Hydrogen embrittlement is a long-standing issue for many advanced 
alloy systems [1–6]. Hydrogen enters virtually all alloys, and then re-
distributes through the microstructure in ways that can be detrimental 
to the mechanical performance of the alloy. A key obstacle in addressing 
hydrogen embrittlement is the difficulty in locating hydrogen experi-
mentally, meaning that most advances are the result of inferred obser-
vations [7–9]. 

An exemplar case of hydrogen-induced degradation is found in the 
nuclear industry, where hydrogen enters the nuclear fuel cladding (Zr 
alloys) from the core coolant, and may cause dimensional changes, 
embrittlement, and delayed hydride cracking, limiting the useful life of 
nuclear fuel in the reactor [1–3,10,11]. Nb is often used as an alloying 
addition to improve the oxidation kinetics [12–16] and reduce the 
hydrogen pick-up of Zr alloys [17–20]. Nb is soluble in the α phase to 
0.6 at.% Nb at the monotectoid temperature of 620 ∘C [21], and above 
that it precipitates as either β-Nb (75–90 wt.% Nb) [22–25] or meta-
stable β-Zr (20–50 wt.% Nb) [26,27], depending on processing condi-
tions. The presence, composition and volume fraction of Nb-containing 
phases is known to affect hydrogen thermodynamics. In particular, 
increasing the content of β-Zr leads to an increase in H terminal solid 
solubility (TSS) [28,29], which is not observed with increasing β-Nb 
volume fraction [29,30]. 

The issue is rendered more complex by the fact that the composition 
and morphology of these phases changes while in service. Under neutron 

irradiation β-Zr decomposes into α-Zr and β-Nb, while primary β-Nb 
particles may dissolve and/or reduce the Nb content to as low as 55 wt. 
%  [24,25,31,32]. The formation of irradiation-induced platelet-like 
precipitates have also been reported in these alloys, with composition of 
∼60 wt.% Nb under neutron flux [25,33], 10–40 wt.% Nb under proton 
irradiation [34]. 

The irradiation-induced evolution of the microstructure is likely to 
cause hydrogen redistribution, but we lack a mechanistic understanding 
of how hydrogen interacts with these phases as they change over time. In 
particular, there is limited knowledge of the relative solubility and 
trapping strength of hydrogen in these phases [11,35–37]. Here we shed 
light on the thermodynamic drive for trapping and dissolution using two 
ab-initio methods. First we use a conventional approach that relies on 
large statistical sampling of the various local environments in which 
hydrogen may reside within these solid solutions. Then, exploiting the 
finding that the solution energy is strongly linked to the nearest neigh-
bour composition, we develop a highly-scalable method for predicting 
hydrogen solubility in arbitrary binary compositions. 

In the first method, we describe the disorder of a BCC-(Zr,Nb) solid 
solution using special quasi-random structures (SQS), generated using 
the MCSQS code [38] with pair, triplet and quadruplet correlations 
defined up to the third, second and first nearest neighbour, respectively. 
We use 128-atom supercells with 25 at.% Nb and 75 at.% Nb to repre-
sent β-Zr and β-Nb, respectively. These structures were fully relaxed 
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using density functional theory (DFT) simulations carried out using the 
VASP code [39,40] with the PBE functional, an planewave cut-off of 350 
eV, a 3 × 3 × 3 k-point grid and Methfessel–Paxton band smearing 0.1 
eV. The lattice parameters of all phases are in excellent agreement with 
experimental literature, see Table 1. 

In a solid solution, H may be accommodated in a wide range of 
different environments, each with its own energy. The distribution of 
solution energies was calculated by placing a single hydrogen atom in 
100 randomly-selected and symmetrically unique sites per composition, 
and further relaxing the atomic positions (lattice vectors kept constant). 
These are referred to as explicit calculations henceforth. The relative 
change in solution energy for an interstitial site i, compared to α-Zr, is 
calculated as 

ΔEH
sol,i =

(
EDFT

α-Zr +EDFT
β+H,i

)
−
(

EDFT
α-Zr+H +EDFT

β

)
(1)  

where EDFT
α-Zr and EDFT

β represent the DFT energy of perfect supercells of 
α-Zr and β-(Zr,Nb), respectively. A subscript +H implies the addition of 
an interstitial H atom. 

The probability of filling each of those sites (Pi(E,T)) follows Max-
well–Boltzmann statistics 

Pi(T) =
e− Ei/kBT

∑
ie− Ei/kBT (2)  

thus, the expectation value of the solution energy, 〈ΔEH
sol(T)〉, at a finite 

temperature T is 
〈
ΔEH

sol(T)
〉
=

∑

i
Esol,iPi(T) (3)  

with a standard deviation 

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
〈
ΔEH

sol(T)
2〉

−
〈
ΔEH

sol(T)
〉2

√

(4)  

where 
〈
ΔEH

sol(T)
2〉

=
∑

i
E2

sol,iPi(T) (5) 

Looking at unary systems first, we find that ΔEH
sol is strongly 

exothermic for BCC-Zr ( − 0.28 eV), while the energy difference is 
neglible for BCC-Nb (0.02 eV). This is consistent with available litera-
ture, which suggests that H is more soluble in BCC-Zr compared to HCP- 
Zr, whereas the difference in H solubility between HCP-Zr and BCC-Nb is 
negligible [29,44]. 

Moving to the binary β solid solution, Fig. 1a shows the distribution 
of ΔEH

sol at the 2 different compositions considered. The results make it 
clear that the solubility of H in BCC-(Zr,Nb) increases with increasing Zr 
content, and ΔEH

sol,i of most sites falls between the end members’ mini-
mum ΔEH

sol,i (vertical lines). Fig. 1b shows the resulting 〈ΔEH
sol(T)〉, ob-

tained from thermodynamic averaging at 0–900 K. This suggests that H 
is more soluble in β-Zr compared to β-Nb at all temperatures. These 
results are supported by experimental observations that the TSS in-
creases with increasing β-Zr phase fraction [28,29]. 

Fig. 1 b also shows that below ∼ 72 K, addition of 25 at.% Nb leads to 

a reduction of the H solution energy to below that of pure BCC-Zr. This is 
attributed to the dual effect of introducing a solute into BCC-Zr: on the 
one hand Nb additions monotonically affect global properties of the 
solution from those of BCC-Zr to those of BCC-Nb (e.g. lattice parameter, 
which follows Vegard’s law, average electron density, elastic constants); 
this is expected to increase ΔEH

sol smoothly from − 0.28 eV (of BCC-Zr) to 
0.02 eV (of BCC-Nb). On the other hand, Nb additions also create 
discrete local environments in which H may be accommodated, which 
results in a broadening of the ΔEH

sol. At low concentrations, the broad-
ening effect may be greater than the linear change in global properties, 
resulting in few states with energy lower then the end member. These 
states have a greater occupancy at lower temperatures. While this is of 
little consequence in the case of 25 at.% Nb, as the temperature at which 
the cross-over happens is below room temperature, it is possible that 
smaller additions of Nb may lead to a stronger reduction than that 
observed in the case of 25 at.% Nb. Interestingly, we have found that H 
consistently relaxed into tetrahedral sites, irrespective of its starting 
position. This is consistent with H behaviour in other BCC systems 
[44–48]. 

Fig. 2 a shows the relationship between ΔEH
sol and the number of Zr 

atoms in H’s nearest neighbour (NN) shell. ΔEH
sol decreases consistently 

with increasing number of neighbouring Zr atoms, suggesting that the 
local composition is a key driver in H solution energy. Fig. 2b shows 
similar results for H solubility in Zr(Fe,Cr)2, reproduced from data 
published by Jones et al. [48], showing a similar trend, but limited to a 
maximum number of two Zr NN due to the crystallography of Zr(Fe,Cr)2. 
More detail on the strongly-local binding of H in β-(Zr,Nb) is provided in 
the supplementary material. 

Similar trends of localised hydrogen interactions have been reported 
in a range of materials. Local binding environment are thought to drive 
H trapping in carbides over BCC-Fe [49]. In Fe-Cr solutions H prefers 
sites with higher Cr content [50], in AB2 laves phases (A = Zr, Ti; B = Ni, 
Mn, Cr, V) sites with 2 Zr NN atoms [51,52], and in Ti–Zr–Ni alloys, sites 
surrounded by Ti and Zr neighbours [53]. Attraction of H to transition 
metals is reported to reduce with increasing electrons in the d-band 
[54]. This might explain H’s preference for more Zr neighbours over Nb. 

Based on the observations that NN composition dominates the so-
lution energy of H in Zr-Nb solid solutions, we have created a model to 
predict the solubility of H at any composition of BCC-(Zr,Nb) from few 
DFT calculations. We define each accommodation site as a discrete state 
i, with energy Ei, and associated density of sites Di. We then split Ei into 
two terms 

Ei(x) = E0
i (N, n) + ΔEi (6)  

where E0
i represents the energy contribution from the local environment 

containing N atoms of which n are of type B (here Nb), and ΔEi repre-
sents the energy contribution from all other (possibly unknown) global 
effects of the solid solution (e.g., average changes to the lattice param-
eters, elastic constants, charge density, etc.). 

The term E0
i is calculated through a set of DFT simulations in which a 

H atom is surrounded by a cluster of n B atoms embedded in a supercell 
of A atoms (EA) and again the same cluster embedded in a supercell of B 
atoms (EB). The energy of hydrogen solution in these clusters is shown in 
Fig. 3a. ΔEi is approximated with a mean field approach that describes a 
continuous linear energy contribution bounded by the two end-members 
EA and EB, so that 

Ei(n, x) = ΩiEA(n) + xΩi(EB(n) − EA(n)) (7)  

where Ωi is the multiplicity of state i, defined as the number of sym-
metrically equivalent states divided by the total number of states of the 
same composition n/N. 

With this approximation, the distribution of energies is bound by that 
of the end members, i.e. E(x=0) = EA and E(x=1) = EB. N may be treated as 
a convergence parameter, separating the region where the mean field 

Table 1 
Lattice parameters from DFT relaxation of special quasi-random structures, and 
literature values.  

Element Lattice parameters (Å)  

Current work Literature 

BCC-Zr 3.56 3.59 [41], 3.57 [42] 
β-Zr 3.48 3.49  [42] 
β-Nb 3.36 3.36  [42] 
BCC-Nb 3.30 3.29 [43], 3.31 [42]  
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approach is valid from the region where the discrete states must be 
accounted for explicitly. In this work we use N = 4, as the strength of 
interactions decreases markedly past the first nearest neighbour shell 
(which contains 4 atoms, in this case). Note that we may have multiple Ei 
values for a given set of n, N and x, since two or more symmetrically non- 
equivalent clusters i may exists with the same composition n /N. 

Within the bounds set by EA and EB, D(E) describes the density of 
states with energy Ei. Since Ei is a unique function of the state i, D(E) can 
be defined as the relative density, Di, of state i in an alloy of composition 
x. In other words, Di is the probability of finding a region of space 
containing N atoms of composition n/N. In an ideal solid solution, this 
distribution is accurately described by a binomial distribution: 

Di =
N!

(N − n)!n!
xn(1 − x)N− n (8) 

The expectation value of the solution energy at a finite temperature T 

is then evaluated using Eq. (3), with modified Pi(T): 

Pi(T) =
Die− Ei/kBT

∑
iDie− Ei/kBT (9) 

The input DFT data for the model, ΔEH
sol of H in surrounded by 

clusters of varying composition, is shown in Fig. 3a. We again observe 
the 1st NN chemistry affecting the H solubility more than the difference 
between the two materials in which the cluster is embedded in. The two 
points at n = 2 are due to the symmetrically different configurations in 
which two atoms of a tetrahedral site may be arranged in a BCC crystal. 
The results of the model, Di (y-axis) and Ei (x-axis), are shown in Fig. 3b 
for ten compositions, showing the progressive change in solution energy 
as a function of Nb content. Only five individual states make up each 
density distribution, which are joined using locally weighted smoothing. 

Fig. 3 c and d compares the output of the model to the explicit cal-
culations. The peaks in both cases represent the highest value of Di, 

Fig. 1. (a) ΔEH
sol in β-Zr and β-Nb phases obtained through 100 DFT calculations at each composition, and (b) the expected solution energy at different averaging 

temperature (line) with one standard deviation (shading). 

Fig. 2. Box and whiskers plot of ΔEH
sol as a function of number of Zr atoms in 1st NN shell in (a) BCC-(Zr,Nb) and (b) Zr(Fe,Cr)2. The bar represents the median ΔEH

sol 
and the width of the box represents the Q1–Q3 interquartile range. The whiskers represent the 95% confidence interval and the dots represent outliers. 
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which correspond to sites with 3 and 1 Zr NN for 25 at.% Nb and 75 at.% 
Nb, respectively. A limitation of the model is that the prediction of the 
energy distribution cannot be extrapolated beyond the energy of the end 
members of the cluster simulations of Fig. 3a that inform it, and thus 
appears truncated. Nevertheless, the model correctly predicts that H is 
more soluble in β-Zr than β-Nb, and captures the correct range of en-
ergies. Additionally, the model correctly predicts the general shape of 
the distribution and the effect of change in composition, albeit with a 
systemic shift towards higher energies of ∼0.02 eV in the peak energy 
density. Such slight shift could be due to the lattice expansion by the 
addition of H, which is known to be small [55], and which may be 
different in the disordered SQS structures (explicit calculations) 
compared to the pure end-members (predictive model). Similarly, local 
changes in strain field and local electron density distribution, which are 
expected to be present in a disordered solid solution, are not explicitly 
modelled in the new approach, and are instead collectively treated as 
second-order effects approximated by the mean field approach. 

It must be stressed that the model was informed by 12 DFT simula-

tions, while each of the explicit distribution was computed from 101 
(computationally more intensive) DFT simulations, and the creation of a 
special-quasi random structure via a Monte Carlo algorithm. In all, the 
computational saving of the model is ∼ 96% per composition (or 99.8% 
for both compositions of Fig. 3c). Overall, the agreement between the 
model predictions and explicit calculations is remarkable considering 
the computational savings achieved. 

One key advantage of the model is that it can be used to predict the 
solubility at any composition of BCC-(Zr,Nb) at no additional cost (i.e., 
using the same 12 results of Fig. 3a). Neutron irradiation in 1% Nb, Zirlo, 
E110 and similar alloys leads to reduction of Nb content in β-Nb parti-
cles [24,25,56]. Our model predicts this depletion of Nb would increase 
the H trapping strength of β-Nb (Fig. 3b). In fact, in as manufactured 
alloys, very little H is expected to be dissolved in the β-Nb, as it has 
similar Esol to α-Zr, but following dissolution the β-Nb particles might 
become sinks for H, unless stronger sinks have also developed in the 
microstructure. 

Irradiation-induced formation of nano-sized β platelets have also 

Fig. 3. (a) input values for the model: H solution energy in clusters in BCC-Zr and BCC-Nb. (b) model output for multiple compositions, vertically offset by in-
crements of 0.2 density to aid clarity of presented results. (c) model D(E) vs. explicit calculations for two compositions. (d) model 〈ΔEH

sol(T)〉 vs. explicit calculations at 
three averaging temperatures, where shaded area and bars represent one standard deviation. 
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been reported to form concurrently to the dissolution of primary β-Nb 
particles in neutron-irradiated samples [25,33,34]. These are reported 
to have similar composition to the primary β-Nb particles, and therefore 
should have similar chemical binding to hydrogen, but additionally, 
their coherent or semi-coherent interfaces [34,57,58] may lead to sig-
nificant strain fields, which may dominate the hydrogen trapping 
behaviour [59]. On the other hand, nanosized precipitate formed by 
proton irradiation exhibit a significantly lower Nb content compared to 
the neutron irradiated counterparts [34], which may lead to a markedly 
stronger trapping of H. Thus, particular care must be taken when using 
proton-irradiated samples as analogues of neutron-irradiated material to 
study the redistribution of H. 

In the case of Zr-2.5%Nb and other alloys containing the metastable 
β-Zr, the model predicts that the majority of the hydrogen picked up will 
be trapped in the β-Zr phase, until it decomposes into α-Zr and β-Nb. 
After decomposition, hydrogen is likely to move out of the remaining 
β-Nb particles and redistribute towards nearby sinks, which are most 
likely microstructural defects within the α-Zr phase (dislocations, loops 
and grain boundaries) and hydrides. 

Beyond the change in composition of the β phases, radiation damage 
also leads to a range of microstructural changes that are not explicitly 
modelled in our predictions [60]. In particular, the concentration of 
vacancy and dislocation loops, which are strong sinks for H [61–63], is 
known to increase in α-Zr. We expect similar defect to form in the β 
phases as well. However, there is limited knowledge on the concentra-
tion and H-trapping strength of these defects in the β phases, thus it is 
difficult to judge whether radiation-induced defects increase or decrease 
the H-trapping strength of β phases compared to defective α-Zr. Future 
improvements to the model could explore this by modelling vacancies in 
the input DFT cluster calculations. 

In summary, using DFT calculations we show that the H solution 
energy is dominated by the nearest neighbour chemistry and configu-
ration, both in β-(Zr,Nb) and other solid solutions. By decoupling these 
strongly local interactions from other (global) effects of the solid solu-
tion, we have developed a cost-effective method that accurately predicts 
the solution energy of hydrogen from few DFT simulations. With this 
method we show that the H solubility in β-(Zr,Nb) increases with 
increasing Zr content, leading to a considerably higher solubility of H in 
the β-Zr phase compared to the β-Nb phase. However, the compositional 
changes caused by neutron irradiation are likely to increase the solu-
bility and trapping strength of Nb-depleted β-Nb particles, and 
radiation-induced β-Nb nano-sized platelets. For alloys containing the 
metastable β-Zr phase, at first H will preferentially dissolve into β-Zr, 
and then distribute out into the α-Zr matrix (likely at dislocation loops 
and other defects) as the metastable phase decomposes with increasing 
neutron fluence. The example above showcases the potential of the new 
method, which yields remarkably accurate results for a computational 
savings of two orders of magnitude (or more, depending on how many 
compositions need to be studied). This model may be applicable, with no 
modifications, to other binary systems, and with further testing to 
ternary or chemically complex alloys, opening the door to high- 
throughput screening of hydrogen trapping site in alloys that suffer 
from hydrogen embrittlement. 
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